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The concept of an abnormal subgroup of a group G is, in a sense, opposite 
of that of a normal subgroup of G. Precisely speaking, the only subgroup of G 
that is both normal and abnormal in G is G itself. A maximal subgroup of 
a group G is either normal or abnormal. Here? TVS study those finite groups in 
which each subgroup is either normal or abnormal. Theorem 3 characterizes 
all such groups. 
NOTATIONS 
The folloCng notations will be used throughout this paper: 
w9 = fG(W 
;V(H) = X&c) 
P E @d,(G) 
P is a S,-subgroup of G 
Core(N) = Core,(H) 
G 
P” 
-wG) 
U>aG 
N is a normal subgroup of G 
p-part of the order of G, p a prime 
the Fitting subgroup of G = the marimal normal 
nilpotent subgroup of G 
the centralizer of H in G 
the normalizer of H in G 
P is a Sylow subgroup of G 
P E Syl,(G) 
the largest normal subgroup of G contained in H 
the commutator subgroup of G 
some nonnegative power of G 
the hypercenter of G = the last term in the upper 
central series of G 
U is abnormal in G 
All groups considered here are assumed to be finite, 
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DEFINITION. The subgroup U of a group G is said to be abnormal in 
G (write U >q G) if g E (U, Ugj, for all g E G. 
It can be seen easily that if U >q G and U < H < G, then H >CI G 
and H = N,(H). Examples of abnormal subgroups are the normalizers of 
Sylow subgroups and the Carter subgroups of a finite solvable group. 
DEFINITION. A finite group G is called a B-group if every primary sub- 
group (i.e., subgroup of prime-power order) of G is either normal or abnormal 
in G. 
EXAMPLE. All groups of order pq, p, q primes. 
LEMMA 1. Let G be a B-group. Then: 
(i) every subgroup and every homomorphic image of G is a B-group; 
(ii) G is solvable; 
(iii) eoery subgroup of G is either normal OP abnormal in G. 
Proof. (i) Clearly any subgroup of G is a B-group. Let N d G and 
H/N be a primary subgroup of G/N, say j H/N j = p*. Let P E Syl,(H). 
Then H = PN. P is a primary subgroup of G so either P CI G or P >q G. 
If  P 4 G, then PN 4 G so PN/N = H/N 4 GIN. If  P >a G, then since 
PN > P, so PN >a G. It follows that PN/N = H/N >q G/N. Therefore, 
G/N is a B-group. 
(ii) By (i), a minimal counter-example for (ii) must be simple. By 
Burnside’s theorem G cannot have square-free order. So there is a prime 
p ] 1 G 1 such that pa / 1 G I. Let P E Syl,(G) and choose y  E P of order p. 
Then (y> is a primary subgroup of G and since N((y)) > (y), so 
(y) 4 G, contradicting the simplicity of G. 
(iii) Let H be a subgroup of G. If  / H I is a prime power, we have 
nothing to prove. So we may assume that at least two primes divide 1 H I. 
I f  all Sylow subgroups of H, as primary subgroups of G, are normal in G, 
then so is H. If  for some prime p, a S,-subgroup P of H is not normal in G, 
then P >q G, and since H > P, so H >Q G. This proves that every sub- 
group of G is either normal or abnormal. 
Remark. Since by the property of p-groups a proper primary subgroup 
(i.e., a primary subgroup that is not a Sylow subgroup) is properly contained 
in its normalizer, so all such subgroups of a B-group have to be normal. 
LEMMA 2. If G is a nilpotent B-group, then G is either Abelian OY Hamil- 
tonian. 
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Proof. Let H be any proper subgroup of G. Since G is a B-group, either 
H 4 G or H >q G, by Lemma 1 (iii). Since G is nilpotent, H < N(H). 
So H 4 6. So all subgroups of G are normal and the result follows. 
We will, therefore, consider nonnilpotent B-groups. We call such B-groups 
rzontrizial, and the following theorem characterizes all such groups: 
THEOREM 3. Let G be a no&rivial B-group. Then 
(i) G is supersolzjable; 
(ii) G = KQ, K = 6’ is Abelian, Q E S&(G), q = the smallest prime 
divisor of 1 G / . Q is cyclic and K n Q = 1; 
(iii) Z(G) = Core(Q), azd ifQ = ix), then x kduces a jised-point+ee 
automorphism 011 K which is just a power map OE K. 
Comei’sely, if a group G satis$es (i), (“) n , and (iii) above, then G is a ~lontriviai 
B-group. 
Proof. (i) We have already seen that G is solvable. Let 
1 = G,, 4 Gr Q ... Q G, = G 
be a composition series of 6. So / G,+,/G( i = pi for some prime pi , 
i = 0, 1, 2 ,... , n - 1. Each G, is either normal or abnormal in G. But each 
Gi is subnormal in G and so is contained properly in its normalizer. So 
Gf Q 6, i = 0, l,..., 1z - 1 and, therefore, the above series is actually a chief 
series for G and so G is supersolvable. 
(ii) Since G is supersolvable, it has a Svlow tower whose type is the 
reverse of the natural ordering of primes, i.e., we have 
1 Q PI Q PIP2 4 ... 4 PIP2 ... P,-, 4 PIP2 ... P, = 6, 
where Pi E SyI,;(G) andp, > p, > ... > p, , “>‘I being the natural ordering. 
If  for some i, 1 < i < n - 1, Pi >Q G, then PIP, ... P, is also abnormal 
in G. But this subgroup is subnormal in G and so cannot be self-normalizing. 
So Pi Q G, i = 1, 2 ,..., TZ - 1. Let P, = Q. If  Q is also normal in G, then 
G will be nilpotent. So 0 >Q G, 1 Q j = q+, q = p,, = the smallest prime 
divisor of / G I. 
Let K = PIP2 ... P,-, . K is a nilpotent normal subgroup of 6, G = KQ 
and K n Q = 1. K is a nilpotent B-group so by Lemma 2, it is either 
Abelian or Hamiltonian. Since q is the smallest prime divisor of / G 1, so 
1 K j is odd and, hence, K is Abelian. 
Let Q, = Core(Q). Since every proper subgroup of Q is normal in G and 
Q, is the largest normal subgroup of G contained in Q, and since Q >q G 
(i.e., Qi < Q), we must have 1 Q: Q, 1 = q. 
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K and Q1 are normal nilpotent subgroups of G so KQ, <F(G). Since 
KQ = G and 1 Q: Qr / = q and G is not nilpotent, so 
F(G) = KQ, = K x Q, . 
Now, Q/Q1 = (Q1x>, where x E Q - Q1 and xq E Q, . I f  (xi is a proper sub- 
group of Q, then (x) d G and since it is nilpotent, so (x) <F(G), i.e., 
x EQ~ , a contradiction. So Q = (x) and, therefore, Q is cyclic. 
Since PI , P2 ,..., Pn-l 4 G and Q = N(Q), so {PI, P2 ,..., Pnpl, Q> is a 
Sylow basis for G and thus Q is a system-normalizer for G. Therefore, Q 
covers G/G’, i.e., G = G’Q. It follows that G’ contains a Hall $-subgroup 
of G. So K < G’. On the other hand, 
G/K=KQlKmQ/KnQmQ. 
So G/K is Abelian and, hence, G’ < K. So K = G’. 
(iii) Since F(G) = K x Q, , so Q1 < C(K) and since Q is Abelian, 
Q1 < C(Q). So Q1 < Z(G). On th e other hand, if D is a system-normalizer 
of a solvable group G and Zm(G) is the hypercenter of G (i.e., the last term 
is the upper central series of G), then 
Z”(G) = (-) Dg (cf., [l, p. 7291). 
g=G 
So Z(G) < Zm(G) = ngEG p = Core(Q) = Q1 . Hence, Z(G) = Q1 . 
Let Q = (x). Since K is Abelian, there are a, , a2 ,..., a,. E K which form 
a basis for K. Let a and b be any two of these elements. First assume that 
a and b have, as their orders, powers of the same prime p, say, o(a) = pm, 
o(b) =p”, 1z > m. So, o(ab) =p”. Since (a), (k), and (ab) are normal sub- 
groups of G, we get: 
a” = ai 
b” = bj,’ 
1 <i<p” 
1 <j < pT& i,j,k>l, sinceKnZ(G)=l 
(ab)” = (ab)k, 1 < k <P’” 
Since K is Abelian, we have: 
al@ = @)k = (&)” = &6” = &i. 
But a and b belong to a basis, so 
k = i(modpm), k = j(mod p”). 
Since k < pn and j > 1, so k = j, and since k = i (rnod~~) we get that 
x induces a k-th power map on (a, b). 
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Now assume a and b are basis elements with relatively prime orders, say, 
o(a) = 1% and o(3) = n, (m, E) = 1. Using the same notation as above, we 
get: 
k = i(mod m), k = j(mod n). 
Since (~2, n) = 1 by the Chinese Remainder Theorem, there exists a k 
satisfying both of these congruences. So in any case x induces a R-th power 
map on K, for some k. 
Conversely, suppose that a group G satisfies (i) (ii), and (iiij of the 
theorem. We first show that Q >Q G: 
We have: N(Q)/C(Q) 2 Aut(Q). But Q is cyclic of order qlz so Aut(,Q) 
has order &‘“j = q”“-l(q - 1). Since Q is Abelian, Q < C(Q) and so 
j N(Q)/C(Q) / 1 (q - 1). But q is the smallest prime divisor of j G 1, so 
N(Q) = C(Q). 
If  Q < iv(Q) = C(Q), there is 1 + y  E K - Q such that y  E C(Q). Rut 
then 3’ E K < C(K), as K is Abelian. Hence, 
y E C(K) n C(Qj < Z(G)- 
So 37 E K n Z(G) = 1, a contradiction. Hence, Q = N(Q). But the normalizer 
of a Sylom subgroup of any group is abnormal in that group. So Q >q G. 
Let H be any subgroup of G. If  q f  1 H ;, then since K is a normal 
q-complement of 6, H < K. Since K is Abelian, it normalizes U and since 
x induces a power map on K and, hence, on E& so (x> = Q also normalizes 
H, i.e., H (i G. 
If  q ( \ H 1, let Q, E Syl,(Hj. By (i), H is supersolvable and thus has a 
normal q-complement K, . So H = K,,Q, , where KO Q G, as q f  j Ks j* I f  
1 QO 1 = q”’ = 1 Q 1, then Q, w Q and so is abnormal in G and since 
H > Q,, , so H >q G. If  1 Q, 1 < q”&, Q, is conjugate to a proper subgroup 
of Q and is, therefore, contained in the unique maximal subgroup Q1 of Q~ 
But ,Qr = Z(G), so Q, 4 G and since K,, <I G, me get that H = G,,K, c~ G. 
This shows that everv subgroup of G is either normal or abnormal in G 
and so G is a B-group. 
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